We calculate the set of O(α s ) corrections to the double differential decay width dΓ 77 /(ds 1 ds 2 ) for the processB → X s γγ originating from diagrams involving the electromagnetic dipole operator O 7 . The kinematical variables s 1 and s 2 are defined as
Introduction
Inclusive rare B-meson decays are known to be a unique source of indirect information about physics at scales of several hundred GeV. In the Standard Model (SM) all these processes proceed through loop diagrams and thus are relatively suppressed. In the extensions of the SM the contributions stemming from the diagrams with "new" particles in the loops can be comparable or even larger than the contribution from the SM. Thus getting experimental information on rare decays puts strong constraints on the extensions of the SM or can even lead to a disagreement with the SM predictions, providing evidence for some "new physics".
To make a rigorous comparison between experiment and theory, precise SM calculations for the (differential) decay rates are mandatory. While the branching ratios forB → X s γ [1] andB → X s ℓ + ℓ − are known today even to next-to-next-to-leading logarithmic (NNLL) precision (for reviews, see [2, 3] ), other branching ratios, like the one forB → X s γγ discussed in this paper, are only known to leading logarithmic (LL) precision in the SM [4] [5] [6] [7] . In contrast toB → X s γ, the current-current operator O 2 has a non-vanishing matrix element for b → sγγ at order α 0 s precision, leading to an interesting interference pattern with the contributions associated with the electromagnetic dipole operator O 7 already at LL precision. As a consequence, potential new physics should be clearly visible not only in the total branching ratio, but also in the differential distributions.
As the processB → X s γγ is expected to be measured at the planned Super B-factories in Japan and Italy, it is necessary to calculate the differential distributions to NLL precision in the SM, in order to fully exploit its potential concerning new physics. The starting point of our calculation is the effective Hamiltonian, obtained by integrating out the heavy particles in the SM, leading to
where we use the operator basis introduced in [8] :
(1.
2)
The symbols T a (a = 1, 8) denote the SU(3) color generators; g s and e, the strong and electromagnetic coupling constants. In eq. (1.2),m b (µ) is the running b-quark mass in the MS-scheme at the renormalization scale µ. As we are not interested in CP-violation effects in the present paper, we made use of the approximation V ub V complexity as the calculation of the photon energy spectrum at order α 2 s needed for the NNLL computation. There, the individual interference contributions, which all involve extensive calculations, were published in separate papers, sometimes even by two independent groups (see e.g. [9] and [10] ). It therefore cannot be expected that the NLL results for the differential distributions related toB → X s γγ are given in a single paper. As a first step in this NLL enterprise, we derive in the present paper the O(α s ) corrections to the (O 7 , O 7 )-interference contribution to the double differential decay width dΓ/(ds 1 ds 2 ) at the partonic level. The variables s 1 and s 2 are defined as
, where p b and q i denote the four-momenta of the b-quark and the two photons, respectively. At order α s there are contributions to dΓ 77 /(ds 1 ds 2 ) with three particles (s-quark and two photons) and four particles (s-quark, two photons and a gluon) in the final state. These contributions correspond to specific cuts of the b-quarks self-energy at order α 2 ×α s , involving twice the operator O 7 . As there are additional cuts, which contain for example only one photon, our observable cannot be obtained using the optical theorem, i.e., by taking the absorptive part of the b-quark self-energy at three-loop. We therefore calculate the mentioned contributions with three and four particles in the final state individually.
As discussed in section 2, we work out the QCD corrections to the double differential decay width in the kinematical range
Concerning the virtual corrections, all singularities (after ultra-violet renormalization) are due to soft gluon exchanges and/or collinear gluon exchanges involving the s-quark. Concerning the bremsstrahlung corrections (restricted to the same range of s 1 and s 2 ), there are in addition kinematical situations where collinear photons are emitted from the s-quark. The corresponding singularities are not canceled when combined with the virtual corrections, as discussed in detail in section 4. We found, however, that there are no singularities associated with collinear photon emission in the double differential decay width when only retaining the leading power w.r.t to the (normalized) hadronic mass
in the underlying triple differential distribution dΓ 77 /(ds 1 ds 2 ds 3 ). Our results of this paper are obtained within this "approximation". When going beyond, other concepts which go beyond perturbation theory, like parton fragmentation functions of a quark or a gluon into a photon, are needed [11] .
Before moving to the detailed organization of our paper, we should mention that the inclusive double radiative processB → X s γγ has also been explored in several extensions of the SM [5, 7, 12] . Also the corresponding exclusive modes, B s → γγ and B → Kγγ, have been examined before, both in the SM [6, [13] [14] [15] [16] [17] [18] [19] [20] [21] and in its extensions [12, 17, 18, [22] [23] [24] [25] [26] [27] [28] [29] [30] . We should add that the long-distance resonant effects were also discussed in the literature (see e.g. [6] and the references therein). Finally, the effects of photon emission from the spectator quark in the B-meson were discussed in [13, 31] .
The remainder of this paper is organized as follows. In section 2 we work out the double differential distribution dΓ 77 /(ds 1 ds 2 ) in leading order, i.e., without taking into account QCD corrections to the matrix element sγγ|O 7 |b . We retain, however, terms up to order ǫ 1 , with ǫ being the dimensional regulator (d = 4 − 2ǫ). Section 3 is devoted to the calculation of the virtual corrections of order α s to the double differential decay width. In section 4 the corresponding gluon bremsstrahlung corrections to the double differential width are worked out in the approximation where only the leading power w.r.t. the (normalized) hadronic mass s 3 is retained at the level of the triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ). In section 5 virtual-and bremsstrahlung corrections are combined and the result for the double differential decay width, which is free of infrared-and collinear singularities, is given in analytic form. In section 6 we illustrate the numerical impact of the NLL corrections and in section 7 we present the technical details of our calculations. The paper ends with a short summary in section 8.
Leading order result
In this section we discuss the double differential decay width dΓ 77 /(ds 1 ds 2 ) at lowest order in QCD, i.e. α 0 s . The dimensionless variables s 1 and s 2 are defined everywhere in this paper as
At lowest order the double differential decay width is based on the diagrams shown in Fig. 1 Figure 1 : On the first line the diagrams defining the tree-level amplitude for b → sγγ associated with O 7 are shown. The four-momenta of the b-quark, the s-quarks and the two photons are denoted by p b , p s , q 1 and q 2 , respectively. On the second line the contribution to the decay width corresponding to the interference of first and second diagram is shown.
three-body decay b → sγγ. Their kinematical range is as follows:
The energies E 1 and E 2 in the rest-frame of the b-quark of the two photons are related to s 1 and s 2 in a simple way:
As the energies E i of the photons have to be away from zero in order to be observed, the values of s 1 and s 2 can be considered to be smaller than one. By additionally requiring s 1 and s 2 to be larger than zero, we exclude collinear photon emission from the s-quark, because 2p
It is also easy to implement a lower cut on the invariant mass squared s of the of the two photons by observing that s = (q 1 + q 2 ) 2 = 1 − s 1 − s 2 . To parametrize all the mentioned conditions in terms of one parameter c (with c > 0), one can proceed as suggested in [5] :
Applying such cuts, the relevant phase-space region in the (s 1 , s 2 )-plane is shown by the shaded area in Fig. 2 . Our aim in this paper is to work out the double differential decay width in this restricted area of the s 1 and the s 2 variable also when discussing the gluon bremsstrahlung corrections 1 . In this restricted region of the phase-space, the tree-level am-000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 plitude is free of infrared-and collinear singularities. To exhibit the singularity structure of the virtual corrections discussed in the next section in a transparent way, it is useful to give the leading-order spectrum in d = 4 − 2ǫ dimensions. We obtain
In r we retained terms of order ǫ 1 , while discarding terms of higher order. The individual pieces r 0 , . . . , r 4 read In d = 4 dimensions, the leading-order spectrum (in our restricted phase-space) is obtained by simply putting ǫ to zero, obtaining
Virtual corrections
We now turn to the calculation of the virtual QCD corrections, i.e. to the contributions of order α s with three particles in the final state. The diagrams defining the (unrenormalized) virtual corrections at the amplitude level are shown on the first four lines of Fig. 3 . As the diagrams with a self-energy insertion on the external b-and s-quark legs are taken into account in the renormalization process, these diagrams are not shown in Fig. 3 . In order to get the (unrenormalized) virtual corrections dΓ bare 77 /(ds 1 ds 2 ) of order α s to the decay width, we have to work out the interference of the diagrams on the first four lines in Fig. 3 with the leading order diagrams in Fig. 1 . One of these interference contributions is shown on the last line in Fig. 3 . To illustrate the calculational procedure for getting the virtual corrections to the decay width, we describe in section 7.1 the relevant steps for the particular interference shown in Fig. 3 .
In addition, we have to work out the counterterm contributions to the decay width. They can be split into two parts, according to dΓ ct 77 
where dΓ b-quark line in the leading order diagrams as indicated in Fig. 4 , where
More precisely, Part (B) consists of the interference of the diagrams in Fig. 4 with the leading order diagrams in Fig. 1 . 
where dΓ /(ds 1 ds 2 ) we see that the singularity structure consists of a simple singular factor multiplying the corresponding tree-level decay width in d-dimensions. We stress that singularities (represented by 1/ǫ 2 and 1/ǫ poles) are entirely due to soft-and/or collinear gluon exchange. The infrared finite piece dΓ 
where the individual quantites v 1 , . . . , v 20 are relegated to Appendix A.
Bremsstrahlung corrections
We now turn to the calculation of the bremsstrahlung QCD corrections, i.e. to the contributions of order α s with four particles in the final state. Before going into details, we mention that the kinematical range of the variables s 1 and s 2 defined in eq. (2.1) is given in this case by 0 ≤ s 1 ≤ 1 ; 0 ≤ s 2 ≤ 1. Nevertheless, we consider in this paper only the range which is also accessible to the three-body decay b → sγγ, i.e., 0 ≤ s 1 ≤ 1 ; 0 ≤ s 2 ≤ 1 − s 1 or, more precisely, by its restricted version specified in eq. (2.2).
The diagrams defining the bremsstrahlung corrections at the amplitude level are shown in the first line of Fig. 5 decay width, can be written as a sum of interferences of the different diagrams on the first line in Fig. 5 . One such interference is shown on the second line of the same figure. The four particle final state is described by five independent kinematical variables. In a first attempt we worked out the decay width by keeping s 1 and s 2 differential and integrating over the three remaining variables. Proceeding in this way, we found that the infraredand collinear singularities in the bremsstrahlung spectrum do not cancel when adding the virtual corrections. The sum still contains 1/ǫ-poles, but no 1/ǫ 2 -poles. While, as already mentioned in section 3, the only source of the singularities in the virtual corrections in our restricted range of s 1 and s 2 are due to soft gluon-emission and/or collinear emission of gluons from the s-quark, we found after analyzing the bremsstrahlung kinematics more carefully that there are situations where one of the photons can become collinear with the s-quark. This is the reason why there is no cancellation of singularities when combining virtual-and bremsstrahlung corrections. Realizing that for (formally) zero hadronic mass of the (s, g)-system collinear photon emission is kinematically impossible, led us to the idea that we should first look at the triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ), where
b is the normalized hadronic mass squared. Our conjecture was that the double differential decay width, based on the triple differential decay width in which only the leading power terms w.r.t. s 3 are retained, should lead to a finite result when combined with the virtual corrections.
We therefore worked out the leading power of this quantity w.r.t s 3 , denoting it by dΓ leading power 77 /(ds 1 ds 2 ds 3 ). The leading power, which is of order 1/s 3 (modified by epsilontic dimensional regulators), is supposed to be a good approximation for low values of the hadronic mass. An approximation to the double-differential decay width dΓ (1) ,brems 77 /(ds 1 ds 2 ) due to gluon bremsstrahlung corrections is then obtained by integrating dΓ leading power 77 /(ds 1 ds 2 ds 3 ) over s 3 , which runs in the range s 3 ∈ [0, s 1 · s 2 ]. The approximation is obviously accurate for small values of s 1 · s 2 . As s 1 · s 2 is at most 1/4, the approximation is expected not to be bad in the full region of s 1 and s 2 considered in this paper. The technical details of the calculation of the leading power w.r.t. s 3 in the triple differential decay width are illustrated in section 7.2 for the interference of diagram 1 with diagram 6, as shown in the second line of Fig. 5 .
Indeed, we find that the infrared-and collinear singularities cancel when combining the approximated version of dΓ When going beyond this approximation other concepts, which go beyond perturbation theory, like parton fragmentation functions of a quark or a gluon into a photon, are needed [11] . We do not enter this issue in this paper.
The result of combined virtual-and bremsstrahlung corrections is explicitly presented in the next section.
Final result for the decay width at order α s
The complete order α s correction to the double differential decay width dΓ 77 /(ds 1 ds 2 ) is obtained by adding the renormalized virtual corrections from section 3 and the bremsstrahlung corrections discussed in section 4. Explicitly we get dΓ (1) 77
where f is decomposed as
The individual quantities f 1 , . . . , f 17 read 
The order α s correction dΓ (1) 77 /(ds 1 ds 2 ) in Eq. (5.1) to the double differential decay width for b → X s γγ is the main result of our paper.
Some numerical illustrations
In the previous sections we calculated the virtual-and bremsstrahlung QCD corrections which were the missing ingredient in order to obtain the (O 7 , O 7 ) contribution to the double differential decay width forB → X s γγ at NLL precision. The Wilson coefficient C 7,ef f (µ) at the low scale (µ ∼ m b ) which is needed up to order α s , i.e.,
is known for a long time (see ref. [8] and references therein). Numerical values for the input parameters and for this Wilson coefficient at various values for the scale µ, together with the numerical values of α s (µ), are given in Table 1 and Table 2 , respectively. The NLL 
where the first-and second term of the r.h.s. are given in eqs. (2.5) and (5.1), respectively. Table 2 : α s (µ) and the Wilson coefficient C 7,ef f (µ) at different values of the scale µ
To illustrate our results, we first rewrite the MS massm b (µ) in eq. (6.2) in terms of the pole mass m b , using the one-loop relation
We then insert C 7,ef f (µ) in the expanded form (6.1) and expand the resulting expression for dΓ 77 /(ds 1 ds 2 ) w.r.t. α s , discarding terms of order α 2 s . This defines the NLL result. The corresponding LL result is obtained by also discarding the order α 1 s term. In Fig. 6 the LLand the NLL-result is shown by the short-dashed-and the solid line, respectively.
In our procedure the NLL corrections have three sources: (a) α s corrections to the Wilson coefficient C 7,ef f (µ), (b) expressingm b (µ) in terms of the pole mass m b and (c) virtual-and real-order α s corrections to the matrix elements. To illustrate the effect of source (c), which is worked out for the first time in this paper, we show in Fig. 6 (by the long-dashed line) the (partial) NLL result in which source (c) is switched off. We conclude that the effect (c) is roughly of equal importance as the combined effects of (a) and (b).
For completeness we show in this figure (by the dash-dotted line) also the result when QCD is completely switched off, which amounts to put µ = m W in the LL result.
From Fig. 6 we see that the NLL results are substantially smaller (typically by 50% or slightly more) than those at LL precision, which is also the case when choosing other values for s 2 . Figure 6 : Double differential decay width dΓ 77 /(ds 1 ds 2 ) as a function of s 1 for s 2 fixed at s 2 = 0.2. The dash-dotted, the short-dashed and the solid line shows the result when neglecting QCD-effects, the LL result and the NLL result, respectively. The long-dashed line represents the (partial) NLL result in which the virtual-and bremsstrahlung corrections worked out in this paper are switched off (see text for more details). In the frames 1), 2) and 3) the renormalization scale is chosen to be µ = m b /2, µ = m b and µ = 2 m b , respectively.
Technical details about our calculations
We first describe the general setup of our calculations and then discuss in the subsections 7.1 and 7.2 the calculation of the virtual-and the bremsstrahlung corrections for the interference diagrams shown in the last lines of Fig. 3 and Fig. 5 , respectively.
The starting point is the general expression for the total decay width of the massive b quark with momentum p b decaying into 3 ≤ n ≤ 4 massless final-state particles with
where the squared Feynman amplitude |M n | 2 is always understood to be summed over final spin-, polarization-and color states, and averaged over the spin directions and colors of the decaying b quark. It also includes a factor of 1/2 for the two identical particles in the final state, i.e. the photons. Furthermore, d = 4 − 2ǫ denotes the space-time dimension that we use to regulate the ultraviolet, infrared and collinear singularities.
The double differential decay rate dΓ 77 /(ds 1 ds 2 ) is obtained from eq. (7.1) by multiplying the integrand on the r.h.s. with the delta functions δ (
, where p b and q 1 , q 2 denote the four momenta of the b quark and the photons, respectively. For the bremsstrahlung corrections, as mentioned in section 4, we need to consider also the triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ), where
is the normalized hadronic mass squared. The triple differential decay width is obtained by multiplying the integrand with the additional delta-function
. Finally, the delta functions just mentioned and all of the delta functions present in eq. (7.1) can be rewritten as differences of propagators as follows [33, 34] 
In this step the phase-space integrations are converted into loop integrations (which can be combined with possible loop integrations already present in |M n | 2 ). By subsequently doing tensor reductions, the (differential) decay width can be written as a linear combination of scalar integrals. The systematic Laporta algorithm [35] , based on integration-by-part techniques first proposed in [36, 37] , can then be applied to reduce the scalar integrals to a small number of simpler integrals, usually referred to as the master integrals (MIs). For this reduction we used the AIR and FIRE implementations [38, 39] of the Laporta algorithm. After the reduction process, it usually happens that some MIs contain propagators which were introduced via (7.2) with zero or negative power. In this case the ±i0 prescription becomes irrelevant and as a consequence these MIs are zero. In the remaining MIs we convert the propagators introduced via (7.2) back to delta-functions. Thus, we are left with phase-space MIs (which can contain loop integrations as well). The final task is then to calculate these MIs, i.e. to perform possible loop integrations together with the phase-space integrations.
Very often we had to deal with MIs which we were not able to evaluate by direct integration of their integral representation in terms of Feynman parameters and/or phasespace parameters. A powerful tool to be used in these cases is the differential equation method [33, 34, 40, 41] . The goal of this method is to employ the output of the reduction procedure for a given topology to build differential equations which are satisfied by the MIs of that topology. In our case, we consider differential equations w.r.t. s 1 and s 2 and also w.r.t. s 3 for case of bremsstrahlung corrections. With these methods we were able to obtain analytic expressions for all master integrals appearing in the calculation of the various diagrams.
Details about the calculation of virtual corrections
To illustrate our methods for the virtual corrections, we take as an example the interference diagram shown on the last line of Figure 3 . In this case we have five MIs. Four of them can be solved by means of direct integration on Feynman parameters. To calculate the last one (called P 1111 ), we solve the differential equations w.r.t. s 1 and s 2 and get the solution which we denote as Q 1111 . At this level Q 1111 contains integration constants (which are not fixed by the differential equations). To get the integration constants, we proceed in the following way. Using Feynman parametrization for the loop integral, we write the MI P 1111 as We managed to work out the leading term of the expansion of g 1 (s 1 , ǫ) on s 1 around zero, which is proportional to s −2
1 . From this, we immediately get the leading term of the expansion of P 1111 on s 2 and s 1 (which is proportional to s 
Details about the calculation of bremsstrahlung corrections
To illustrate our methods for the bremsstrahlung corrections, we take as an example the interference diagram shown on the last line of Figure 5 . In this case we obtain three MIs, denoted by P 00 , P 10 and P 11 . Writing the diagram as a linear combination of the MIs, we see that the leading power (w.r.t. s 3 ) of all three coefficients (in front of the MIs) is of the order 1/s 3 . Keeping in mind that we are taking into account only terms proportional to the leading power in s 3 at the level of the triple differential decay width (as extensively discussed in section 4), it is sufficient to work out the MIs to zero-th power in s 3 , including the epsilontic regulator, i.e., s 0−nǫ 3 (in our case only n = 1 and n = 2 occur).
The simplest MI, P 00 , which corresponds to the pure phase-space (see eq. (B.4) in Appendix B.2), can be easily solved by means of direct integration. For P 10 the solution of the differential equation w.r.t. s 3 can be represented in the limit s 3 → 0 in the form P 10 = a 1 (s 1 , s 2 , ǫ) 
Summary
In the present work we calculated the set of the O(α s ) corrections to the decay process B → X s γγ originating from diagrams involving the electromagnetic dipole operator O 7 . To perform this calculation it is necessary to work out diagrams with three particles (s-quark and two photons) and four particles (s-quark, two photons and a gluon) in the final state.
From the technical point of view, the calculation was made possible by the use of the Laporta Algorithm to identify the needed Master Integrals and by applying the differential equation method to solve the Master Integrals. When calculating the bremsstrahlung corrections, we take into account only terms proportional to the leading power of the hadronic mass. We find that the infrared and collinear singularities cancel when combining the above mentioned approximated version of bremsstrahlung corrections with the virtual corrections. The numerical impact of the NLL corrections is not small: for dΓ 77 /(ds 1 ds 2 ) the NLL results are approximately 50% smaller than those at LL precision. The various quantities δZ appearing in section 3 are defined to be δZ = Z − 1.
